Abstract. In this article we discuss the notion of γ-H ∞ -bounded calculus, strong γ-m-H ∞ -bounded calculus on half-plane and weak-γ-Gomilko-Shi-Feng condition and give a connection between them. Then we state a characterization of generation of γ-bounded C 0 -semigroup in K-convex space, which leads to a version of Gearhart-Prüss on K-convex space.
INTRODUCTION
The H ∞ -functional calculus for a sectorial operator and a strip-type operator have played and important role in the spectral theory and evolutions equations [6] . The H ∞ -functional calculus for a half-plane type operator is a recent tool studied in [4] . As for sectorial and striptype operators, it is natural to construct a holomorphic functional calculus for a half-plane type operator A via the Dunford formula
Here, R is a half-plane and f is a bounded analytic function on R with good properties which ensure that f (A) is bounded. This construction allows to define a notion of bounded H ∞ -functional calculus for a half-plane type operator. Contrary to bounded H ∞ -functional calculus for a sectorial or a strip-type operator, the bounded H ∞ -functional calculus for a half-plane type operator has no characterization with simple estimates, even on Hilbert space. However, a weaker notions of bounded H ∞ -functional calculus, called strong m-bounded functional calculus (Definition 2.7) turn out to be equivalent to a condition studied independently by Gomilko [5] and Shi and Feng [18] (Definition 2.5), called GFS condition in this paper. Furthermore, they show that this condition is sufficient for the generation of bounded C 0 -semigroups. Therefore, the set (containing all sectorial operators of type < π 2 ) of all half-plane type operators which have GFS is included (equal when X is Hilbert) in the set of all negative generators of bounded C 0 -semigroup.
The aim of this paper is to study the generation of a γ-bounded C 0 -semigroups on a Banach space X, that is, a C 0 -semigroup (T t ) t 0 on a Banach space X such that the set {T (t) : t ≥ 0} is γ-bounded. A first step is to consider a stronger condition than the GFS condition (however equivalent on Hilbert spaces), that we call weak γ-Gomilko-Shi-Feng (Definition 3.4) and abreviate as the W γ-GFS condition. It turns out that the W γ-GFS condition is equivalent to a notion of γ-bounded strong m-bounded functional calculus. Furthermore the latter condition is sufficient for the generation of weak γ-bounded C 0 -semigroups, and hence for the generation of γ-bounded C 0 -semigroups when the underlying space is K-convex. Therefore when X is K-convex, the set (containing all γ-sectorial operators of γ-type < π 2 ) of all operators which satisfy the W γ-GFS condition is equal to the set of all negative generators of γ-bounded C 0 -semigroups. This last statement is contained in our main result (Theorem 4.1), which gives equivalence of the generation of γ-bounded C 0 -semigroup with the γ-m-bounded functional calculus, as well as with some estimates of the resolvent of the negative generator and its adjoint. From this theorem, we deduce, when X is K-convex space, a γ-bounded version of the Gearhart-Prüss Theorem (Corollary 5.3) and the following result: if (T t ) t≥0 is a bounded C 0 -semigroup on a K-convex space and if the set {e −δt T t : t ≥ 0} is γ-bounded for one δ > 0, then it is γ-bounded for each δ > 0. Moreover it is possible to find an example of bounded C 0 -semigroup such that {e −δt T t : t ≥ 0} is γ-bounded for all δ > 0 but not for δ = 0. Now we describe the structure of the paper. Section 2 only contains preliminary results. We recall important results of [4] , then we collect some results about γ-boundedness and weak γ-boundedness and generalized square functions. In Section 3, we discuss the W γ-GFS condition and strong γ-m-bounded H ∞ -functional calculus. We give our main result in Section 4, namely a version of Gomilko-Shi-Feng Theorem on K-convex spaces. Section 5 is devoted to some consequences of the results of Section 4, in particular we state a version of the GearhartPrüss Theorem in K-convex spaces. Finally, Section 6 is dedicated to an overview of the implications between the different notions of H ∞ -bounded functional calculus for half-plane type operator and the generation of bounded and γ-bounded C 0 -semigroups.
BACKGROUND AND PRELIMINARY RESULTS

For any Banach spaces X, Y , we let L(X, Y ) denote the space of all bounded linear operators from X into Y . If Y = X, we write L(X) instead of L(X, X). If A is a closed operator on X, we denote by Dom(A), ρ(A)
and σ(A) the domain, the resolvent set and the spectrum of A, respectively. When λ ∈ ρ(A), we let R(λ, A) = (λI − A) −1 denote the corresponding resolvent operator.
Half-plane type operator.
In this subsection we review the definitions of half-plane type operators and their functional calculi, following [4] .
We fix a real number ω. For any α ≤ ω, we consider the right open half-plane is absolutely convergent in L(X). Further its value is independent of δ ∈ (α, ω). This is due to Cauchy's theorem for vector-valued holomorphic functions.
, we can define a closed, densely defined, operator f (A) by regularisation as follows (see [4] and [6] for more details). Let µ < α and set e(z) := (µ − z) −2 . Then e ∈ E(R α ), ef ∈ E(R α ) and e(A) = R(µ, A)
with Dom(f (A)) equal to the space of all x ∈ X such that [(ef ) 
Remark 2.4. The reasoning at the beginning of [4, Section 5] and the so-called convergence lemma (see [4, Theorem 3.1] ) show that to prove that an operator A has a bounded H ∞ -functional calculus of type ω, it suffices to prove an estimate (2) for any f ∈ E(R α ) and any α < ω.
As a direct consequence of Proposition 2.2, we see that if A has a bounded H ∞ -functional calculus of type ω, then −A generates a C 0 -semigroup of type ω. The converse does not hold true, even on Hilbert space (see Section 6) .
The following condition, called Gomilko-Shi-Feng condition (GFS), is important to connect C 0 -semigroups and functional calculi. Definition 2.5. Let m ≥ 1 be an integer. We say that A satisfies (GF S) m,ω if there exists a constant C > 0 such that
for any x ∈ X and any y ∈ X * . Gomilko [5] and have shown the following two results: if A has (GF S) 1,0 , then −A generates a bounded C 0 -semigroup (T t ) t≥0 ; conversely if X is a Hilbert space, the negative generator of a bounded C 0 -semigroup satisfies (GF S) 1, 0 . This is now known as the Gomilko-Shi-Feng Theorem.
Remark 2.6. It is easy to check that a sectorial operator of type < π 2 has (GF S) 1,0 . We refer e.g. to [6] for information about sectorial operators. We recall that A is a sectorial operator of type < π 2 if and only if −A generates a bounded analytic semigroup and that in this case, there exists a constant C > 0 such that
This implies that for any α < 0 and any t ∈ R, R(α + it, B) ≤ C |α+it| . Hence for any α < 0 and arbitrary x ∈ X and y ∈ X * , we have
which proves the result.
It is noticed in [4, Lemma 5.4 ] that for any α < β < ω and any f ∈ H ∞ (R α ), the m-th derivative f Definition 2.7. Let m ≥ 1 be an integer. We say that A has a strong m-bounded functional calculus of type ω if there exists a constant C > 0 such that for each α < ω and each
The following remarkable results are proved in [4, Theorem 6.4 Proof. According to [4, Lemma 5.4] , there is a constant K > 0, such that for any α < ω and any
This proves that A has a strong m-bounded functional calculus of type ω.
The Sun Dual of a C 0 -Semigroup
In this subsection we collect a few facts from [16] which are useful when dealing with non reflexive Banach spaces.
Let X be a Banach space and let Z ⊂ X * be a closed subspace. We say that Z is norming if there exists a constant c > 0 such that for any x ∈ X, c x ≤ sup | x, y | : y ∈ Z, y ≤ 1 .
Let (T t ) t≥0 be a C 0 -semigroup on X, with generator −A. It may happen that the dual semigroup (T * t ) t≥0 is not strongly continuous on X * . We denote by X ⊙ (pronounced X-sun) the set About (2), we note that more precisely, if we define
and if we let M := lim t→0 T (t) , then we have
γ-boundedness on Banach spaces.
In recent years, γ-boundedness and R-boundedness played an important role in the operator valued harmonic analysis, multiplier theory and functional calculi (see [10] for more details). Throughout X, Y denote arbitrary Banach spaces and we let (γ n ) n≥1 be a sequence of independent complex valued standard Gaussian variables on some probability space Σ. We denote by G(X) the closure of
denote the induced norm. 
The least admissible constant in the above inequality is called the γ-bound of T and we denote this quantity by γ(T ). If T fails to be γ-bounded, we set γ(T ) = ∞.
Replacing the sequence (γ k ) k≥1 by a sequence of independent Rademacher variables (ǫ k ) k≥1 in the above definition, we obtain the definition of R-boundedness. It is well known that any R-bounded set is γ-bounded, and that these notions are equivalent when X has finite cotype (see [10, theorem 8.6 .4] for a more general result). Furthermore if X has cotype 2 and Y has type 2 (especially when X = Y is an Hilbert space) then R-boundedness, γ-boundedness and uniform boundedness are equivalent. 
We recall for further use that γ-boundedness is stable under the strong operator topology.
We will need the following lemma, for which we refer to [10, Theorem 8.5.4] . 
and for any C > 0, the set
The adjoint set of a γ-bounded set may not be γ-bounded ([10, example 8.4.2]). Following [11] , we introduce weaker notions to circumvent this difficulty.
, the following inequality holds:
) be a set of operators. We say that T is weak
⊂ Y , the following inequality holds:
It is clear that γ-boundedness implies W γ-boundedness, however the converse is false in general. Indeed take a γ-bounded set T such that
) be an operator-valued function such that G takes values in T and for all x ∈ X and y ∈ Y , the scalar function
Proof. Let σ be the topology on L(X, Y * ) generated by the family of seminorms
) is W * γ-bounded then the absolute convex hull of T is W * γ-bounded as well. With these two facts in hand, one can obtain the result by mimicking the proof of [10, Theorem 8.5.2] . Details are left to the reader.
We will need the notion of K-convexity, for which we refer to [14] or [10] . We recall that a Banach space X is K-convex if and only if there exists a constant K > 0 such that for all x 1 , . . . , x N ∈ X the following inequality holds:
It turns out that X is K-convex if and only if X * is K-convex. If this is the case, then according to [10, Corollary 7.4.6] , there exists a constant
We recall that all UMD spaces are K-convex. In particular, L p -spaces are K-convex for any 1 < p < ∞. Further any closed subspace of a K-convex space is K-convex. We also recall that any K-convex space has a finite cotype. In particular, a K-convex Banach space cannot contain c 0 . A fundamental result on K-convexity is Pisier's Theorem [10, Theorem 7.4 .23] which asserts that X is K-convex if and only if X has non-trivial type.
We note that there exist non reflexive K-convex Banach spaces. It readily follows from
-bounded if and only if it is γ-bounded.
We now turn to the definition of γ-spaces, which play a fundamental role in this paper. Let H be a Hilbert space. A linear operator T : H → X is called γ-summing if
where the supremum is taken over all finite orthonormal system {h 1 , ..., h n } in H. We let γ ∞ (H; X) denote the space of all γ-summing operator and we endow it with the norm · γ . Then γ ∞ (H; X) is a Banach space. Clearly any finite rank (bounded) operator is a γ-summing operator. We let γ(H; X) be the closure in γ ∞ (H; X) of the space of finite rank operators from H into X. The spaces γ ∞ (H; X) and γ(H; X) do not coincide in general [10, Example 9.1.21] but when X does not contain a copy of c 0 (in particular when X is K-convex) then these spaces coincide.
Let (S, µ) be a measure space. We say that a function
where this integral is defined in the Pettis sense. We let γ(S; X) be the space of all measurable and weakly
. A remarkable fact is the density of simple function in the set γ(S; X) [10, Proposition 9.2.5].
Now we collect some important results, which will be useful in the next sections. We start with the so-called Multiplier Theorem [10, Theorem 9.5.1], a high ranking result involving the γ-boundedness. We state it under the assumption that X does not contain c 0 . Thus the following statement applies to K-convex spaces. 
Now we give an extension result, for which we refer to [10, Theorem 9.6.1]. We identify the algebraic tensor product H * ⊗ X with the space of finite rank bounded operator operators from H into X in the usual way, that is, we set (h 
1 and x ∈ X, has an unique extension to a bounded linear operatorŨ :
where t U denotes the Banach space adjoint of U.
To conclude this part, we apply the above principles to the Fourier-Plancherel transform
(R) via the usual duality map provided by integration on R.
Proof. Obviously f is measurable, and as f is weakly L
2
, f is also weakly L
. Indeed for x ∈ X * one has by Fourier-Plancherel theorem :
Then by Fubini theorem, using equality t F = F and (10):
By density and sinceF (I f ) and I f are bounded, the equalityF(I f ) = I f follows. Hence
F is an isometry, extension principle yields the equalities
STRONG γ-m-BOUNDED FUNCTIONAL CALCULUS
We will say that a C 0 -semigroup (T t ) t≥0 on Banach space is of γ-type ω (resp. of W γ-type ω) if the set {e ωt T t : t ≥ 0} is γ-bounded (resp. W γ-bounded). If no such ω exists, we will say that (T t ) t≥0 has no γ-type (resp. no W γ-type).
Example 3.1. It is easy to exhibit C 0 -semigroups with no γ-type. Let 1 ≤ p < ∞ and let (S t ) t≥0 be the right translation C 0 -semigroup on L p (R), defined by S t (f ) = f (· − t) for any t ≥ 0 and any f ∈ L p (R). Then, for p = 2, (S t ) t≥0 has no γ-type. This follows from the well-known fact that {S t , t ∈ [0, 1]} is not γ-bounded. Indeed, assume that p ∈ [1, 2) and for n ∈ N and i ∈ {1, . . . , n}, let t
Hence the inequality (5) 
is γ-bounded (resp. W γ-bounded). 2) Let m ≥ 1 be an integer. We say that A has a strong γ-m-bounded (resp. a strong W γ-m-bounded) functional calculus of type ω if A has a strong m-bounded functional calculus of type ω and the set
is γ-bounded (resp. W γ-bounded).
Remark 3.3.
1) To prove that the set
it is enough to prove that α<ω δ<α
This follows from the convergence lemma [4, Theorem 3.1], the argument in the proof of [4, Theorem 5.6 (a)], and Proposition 2.11. Details are left to the reader. 2) Likewise to prove that A has a γ-bounded H ∞ -functional calculus of type ω, it is enough to prove that the set
-functional calculus of type ω, then it has a strong γ-mbounded functional calculus of type ω. Indeed consider the set
and assume that ∆ is γ-bounded. Let α < ω and let f ∈ H
Consequently,
Hence the above set is γ-bounded, which shows that A has a strong γ-m-bounded functional calculus of type ω. The previous three statements hold as well with W γ-boundedness replacing γ-boundedness.
Recall the condition (GF S) m,ω from Definition 2.5. We introduce the following stronger form.
Definition 3.4. Let m ≥ 1 be an integer. We say that A has property (W γ-GF S) m,ω if there exists a constant C > 0 such that for any N ∈ N, for any α 1 , . . . , α N < ω, and for any  x 1 , . . . , x N ∈ X and y 1 , . . . , y N ∈ X * , we have
Further if X is a Hilbert space, then (GF S) m,ω and (W γ-GF S) m,ω are equivalent.
In the sequel we let D = {z ∈ C : |z| < 1} denote the open unit disc. The following statement is straightforward. 
denote the operator defined by
Then, the operator A has property (W γ-GF S) m,ω if and only if the set . Then the set
is γ-bounded. Next for any measurable ǫ : R → D, we can write
is W * γ-bounded. Hence the result follows from the above Lemma 3.5. 
for any t ∈ R. Hence for any x ∈ X, for any y ∈ X * and for any t ∈ R,
We now integrate over t. Property (GF S) m,ω ensures that we can apply Fubini's theorem in the following computation:
Let T be the set (12) . By assumption, T is W * γ-bounded hence by Lemma 2.14, the set
the above calculation shows that the set
is included in Γ, hence is W * γ-bounded. Hence, by Lemma 3.5, the operator A has property (W γ-GF S) m−1,ω .
We recalled that (GF S) m,ω is equivalent to strong m-bounded functional calculus of type ω. The following theorem provides a similar statement in the context of W γ-boundedness. 
Since f k H ∞ (Rα k ) ≤ 1 and A has (W γ-GF S) 1,ω , this yields an estimate
.
According to Remark 3.3 (1), this implies that A has a strong W γ-1-bounded functional calculus of type ω.
(ii) ⇒ (iii): It follows from the assumption that the set
in the above set, we obtain
Hence the above is W γ-bounded. Thus A has a strong W γ-m-bounded functional calculus of type ω. 
for all k = 1, . . . , N and all t ∈ R. Next for any R > 0 and any Re(z) > β k , we set
Since R is finite, it is easy to show that φ k,R (z) = O(|z| −2 ) as |z| → ∞, and hence φ k,R ∈ E(R α ). Furthermore, it follows from the proof of [4, Theorem 5.6 (b) 
It therefore follows from (iii) that we have an estimate
Passing to the limit when R → ∞, one obtains
Now we choose
in the above estimate. We obtain the following inequality
. For any t ≥ 0 and α < ω, let φ α,t (z) = e −tz e tα for z ∈ R α . Then φ α,t H ∞ (Rα) = 1. Hence by (ii), the set
This shows that
We noticed in Proposition 2.2 that e −tA = T t for any t ≥ 0. Hence taking α = ω − 1 t for any t > 0, we deduce that the set
Remark 3.9. The above proof shows as well that if A has a strong γ-1-bounded functional calculus of type ω, then −A generates a C 0 -semigroup of γ-type ω.
In the K-convex case, Theorem 3.8 can be strengthened as follows. 
(ii) A has a strong γ-1-bounded functional calculus of type ω; (iii) A has a strong γ-m-bounded functional calculus of type ω.
Proof. The proofs of (ii) ⇔ (iii) and (iii) ⇒ (i) are obvious by the equivalence of W γ-boundedness and γ-boundedness on a K-convex space, and Theorem 3.8. Now assume (i). By [10, Corollary 7.4.6.], there exists M > 0 such that for all N ∈ N and x 1 , . . . , x N ∈ X , we have
The argument in the proof of Theorem 3.8 shows that for all
Applying (13), this implies
Hence A has a γ-1-bounded functional calculus of type ω. 
A SHI-FENG-GOMILKO THEOREM ON K-CONVEX
. , N}, we have a unitary isomorphism
Let X be a Banach space. For any bounded operator u :
It is easy to check that
(Ω); X) for any k = 1, . . . , N. This leads to an algebraic isomorphism 
(ii) There exists a constant C > 0 such that for all N ∈ N, for all
, respectively, and satisfy (14) (
Proof. Without loss of generality, one may assume ω = 0. The equivalence (iii) ⇔ (iv) and the implication (iv) ⇒ (i) follow from Theorems 3.8 and 3.10.
(i) ⇒ (ii): Since T := {T t : t ≥ 0} is γ-bounded, the strongly measurable function
Consider α 1 , . . . , α N < 0 and x 1 , . . . , x N ∈ X, and define
. Hence (17) follows from [10, Example 9.2.4].
Recall that for each k ∈ {1, . . . , N}, we have
Applying Lemma 2.18, we deduce that
Combining (16), (17) and (18), we actually obtain
, which proves (14) . Finally, since X is K-convex, the set {T * 
Since X ⊙ is norming in X, it follows from the above estimate and Theorem 3.10 that A has a strong γ-1-bounded calculus of type 0. 
Furthermore, the following equality holds,
E(S)
The space E(S) * satisfies similar properties. Hence using (19) and the Khintchine-Maurey inequality [10, Theorem 7.2.13], the condition (ii) of Theorem 4.1 can be replaced by:
(ii)
′
There exists a constant C > 0 such that for all N ∈ N, for all x 1 , . . . , x N ∈ X, for all
, and for all α 1 , . . . , α N < ω,
E(S)
and 
Finally, using [12, Remark 5.12, (S1)] instead of Theorem 2.16, one deduces from (20) and (21) that
Since the sun dual X ⊙ is w * -dense in X * , this shows that A has a strong 1-bounded functional calculus of type 0 (and hence a strong m-bounded functional calculus of type 0 for any m ≥ 1).
A GEARHART-PRÜSS THEOREM ON K-CONVEX SPACES
Let A be a half-plane type operator on some Banach space X. Its abscissa of uniform boundedness s 0 (A) is defined by
If −A generates a C 0 -semigroup (T t ) t≥0 , then the exponential growth bound ω(A) if defined as the supremum of all ω ∈ R such that (T t ) t≥0 is of type ω, that is,
We introduce γ-bounded analogues of these notions, as follows. First we set 
For any α ≤ ω and any t ∈ R, we have
e its e (α−ω)s e ωs T s xds.
Since |e its e (α−ω)s | ≤ 1 for any s > 0, we derive that the set
By Lemma 2.12 and (22), the above set is γ-bounded. Therefore the set (23) 
By the resolvent identity, we have
for any k ∈ N N and any t ∈ R. According to (25), this implies that
The range of M s 1 ,...,sn is included in the set
which is independent of s 1 , · · · , s k . The latter set is γ-bounded, by the definition of s γ 0 (A). Let K > 0 denote its γ-bounded constant. Applying Theorem 2.15 and (14), we obtain that
Since X is K-convex, the set {I + (ω − s)R(α + it, A) * , α ≤ s} is γ-bounded as well. Hence using (15) we obtain a similar estimate
. Now applying the implication "(ii) ⇒ (iii)" of Theorem 4.1, we obtain the desired result. : t ≥ 0} is bounded but not γ-bounded.
Combining this theorem with Remark 5.6, we obtain that Corollary 5.5 is sharp in the class of uniformly continuous semigroups. Namely on any K-convex separable Banach lattice not isomorphic to a Hilbert space (on L p for 1 < p = 2 < ∞, say) we obtain a uniformly continuous semigroup (T t ) t≥0 such that {e −δt T t : t ≥ 0} is γ-bounded for any δ > 0, {T t : t ≥ 0} is bounded but {T t : t ≥ 0} is not γ-bounded.
The assumption that X is K-convex space in Corollary 5.5 is quite surprising. This leads to the following question:
Question 5.8. Does the assumption X is K-convex space in Corollary 5.5 can be dropped?
We recall (24) and the existence of −A generating a C 0 -semigroup (T t ) t≥0 such that ω(A) < s 0 (A). So we ask Question 5.9. Does there exist an operator A such that −A which generates a C 0 -semigroup (T t ) t≥0 , satisfying ω(A) < s γ 0 (A) ? 6. AN OVERVIEW Let ω ∈ R and let A be a half-plane type operator on some Banach space X. Either in [4] or in the present paper, the following six properties are considered:
(ii) A has a strong 1-bounded functional calculus of type ω.
The aim of this last section is to give an overview of the relations between these properties, at least on K-convex spaces. This will require the analysis of a specific example, see Proposition 6.1 below. In the above list, we have deliberately omitted the strong m-bounded and γ-mbounded functional calculi.
It follows from Proposition 2.8 and [4, Theorem 6.4] that
Likewise it follows from Remark 3.3 (3) and Remark 3.9 that
The implication "(ii) ⇒ (i)" is wrong. Indeed it follows from either [3] or [15] that on any infinite dimensional Hilbert space H, there exists a bounded C 0 -semigroup (T t ) t≥0 on H whose negative generator A does not have a bounded H ∞ -functional calculus of type 0. Thus with ω = 0, A satisfies (iii) and does not satisfy (i). Moreover (ii) and (iii) are equivalent on Hilbert space, by [4, Theorem 7.1] . This proves the result.
Since γ-boundedness and uniform boundedness are equivalent on Hilbert space, the above also shows that the implication "(ii) γ ⇒ (i) γ " is wrong.
The implication "(iii) ⇒ (ii)" is wrong. Indeed let 1 < p = 2 < +∞ and let (T t ) t∈R be the right translation group on L p (R), which is a bounded C 0 -group. Let −A denote its generator. It follows from Gomilko's paper [5] that either A or −A does not have a strong 1-bounded functional calculus of type 0.
We have shown in Theorem 4.1 that if X is K-convex, then the implication "(iii) γ ⇒ (ii) γ " holds true. We do not know whether "(iii) γ ⇒ (ii) γ " holds true on any Banach space.
The implication "(iii) γ ⇒ (ii)" holds true, by [8, Theorem 6.4 ] (see Remark 4.3 for more on this. ) We noticed above that (iii) does not imply (i) on Hilbert space. Consequently, The implication "(iii) γ ⇒ (i)" is wrong.
The only remaining question is whether (i) implies (iii) γ . We are going to show that this is wrong on sufficently bad spaces, see Example 6.2 below.
For this purpose we introduce a class of C 0 -(semi)groups of independent interest. Recall the Gaussian space G(X) from Subsection 2.3. We will use the so-called 'contraction principle' [10, Theorem 6.1.13], which says that for any x 1 , . . . , x n ∈ X and any α 1 , . . . , α n ∈ C, we have
We recall that X has property (α) (see [10, section 7.5 ] for more details) if there exists a constant C ≥ 1 such that for any finite family (x ij ) in X and any finite family (t ij ) in C, we have (27) i,j
G(G(X))
. Banach spaces with property (α) have a finite cotype, thus R-boundedness and γ-boundedness are equivalent on such spaces. We recall that the class of all Banach spaces with property (α) is stable under taking subspaces and that all Banach lattices with a finite cotype have property (α). In particular, for any 1 ≤ p < ∞, L p -spaces and their subspaces have property (α). Let (ξ k ) k≥1 be a sequence of distinct points of R. For any finite Gaussian sum n k=1 γ k ⊗ x k , with x 1 , . . . , x n ∈ X, we let
Then we have
by (26). Since the finite Gaussian sums are dense in G(X), each T t extends to a bounded linear operator on G(X) (still denoted by T t ), with T t = 1. Furthermore (T t ) t∈R is a C 0 -group. Indeed it is plain that for any finite Gaussian sum z = n k=1 γ k ⊗ x k , T t (z) → z when t → 0. Then the strong continuity of (T t ) t∈R follows from the uniform boundedness of (T t ) t∈R and the density of the set of all finite Gaussian sums in G(X). 
This shows (1).
We now turn to the proof of (2) . First assume that X has property (α). Let (t j ) j be a finite family of real numbers and for any j, let z j = k γ j ⊗ x jk be a finite Gaussian sum. We have
